Abstract: This paper discusses the d-q model and winding function method (WFM) for modeling and a rotor fieldoriented control (RFOC) system for controlling a faulty three-phase induction motor (three-phase IM when one of the phases is disconnected). In the adapted scheme for controlling the faulty IM, it is necessary for the PI controller coefficients to change. For this purpose, the gravitational search algorithm (GSA) is used for tuning of PI controllers.
Introduction
Variable speed drives can provide reliable dynamic systems and important savings in the energy custom and costs of induction motors (IMs). Developing high performance control methods for IM drive systems needs an accurate motor model. Recently, various techniques of modeling induction machines have been presented [1] [2] [3] [4] [5] [6] [7] [8] [9] . In [1, 2] dynamic mesh reluctances, in [3, 4] the d-q model, in [5, 6] the enhanced equivalent circuit, and in [7, 8] the winding function method (WFM) have been reported for modeling induction machines. One of the most commonly models used for IMs is the d-q model [9] , presented by Park. This method is based on the assumption that the stator windings are sinusoidal distributed. This supposition caused the harmonics of the windings distribution to be removed in the machine analysis. A method based on the real distribution of stator winding for modeling and calculation of mutual inductances, which is called the WFM, was proposed by Toliyat and Lipo [7, 8] . One of the advantages of the WFM is the ability to model the fault conditions such as cut-out fault in IMs. In [10] [11] [12] [13] [14] , the WFM is used to analyze some common faults in IMs such as broken rotor bars, cracked rotor end rings, shorting, opening, and abnormal stator winding circuit. Several methods have been also presented to develop detection of faults in IMs such as stator winding faults [15, 16] and rotor bar faults [17, 18] . One of the major failures in IMs is open-phase faults. Open-phase faults occur with the opening of windings, blown fuses, etc. Based on IM equations, in [19] with comparison between current space phasor and measured value, in [20] the extended Kalman filter (EKF) and unknown input observer, in * Correspondence: e.alimonadi@gmail.com [21] neural networks and look up table, and in [22] negative sequence current estimation have been shown for detection of the windings fault of stator in the motor. In [23] , a small amplitude three-phase high frequency signal has been employed for detection of faults in stator windings for permanent magnet synchronous motors. This method gave fast detection of open-phase stator winding and is supposed in this work. Field-oriented control (FOC) is one of the best techniques for controlling the torque and speed in IMs. This method separates motor current into torque and flux producing components. The torque of the motor is proportional to the product of these two perpendicular components and they can be treated independently. This means that by using this method the IM control is transformed to an easy control system similar to DC motors [24] . Faulty IM control is clearly different from the balanced three-phase IM control. By using the usual balanced IM control, for faulty IMs, considerable ripples in the torque and speed response will be present [3, 4] . In 1996, Zhao and Lipo presented a method for modeling and controlling of a multiphase IM based on FOC when one of the stator phases is cut off [25, 26] . In addition [27] presented an approach for modeling (d-q model) and controlling (FOC method) of a dual three-phase IM when two stator phases are cut off. In [3, 4] , Jannati et al. showed how the conventional FOC technique can be used for faulty three-phase IM control. The authors showed that with some changes in the conventional vector control, unbalanced three-phase IM control is possible. In the process of obtaining the FOC equations however, the backward components of the stator voltage equations have been neglected [3, 4] . In the present paper, d-q and WFM are discussed for modeling of a faulty IM (three-phase IM under open-phase fault). Moreover, a new method for vector control of a faulty three-phase IM based on the rotor flux oriented-control (RFOC) method is checked by simulations. In the proposed control method, two new rotational transformations are used for the equations of the faulty IM. By using these matrixes, the faulty motor equations become similar to the balanced equations. The research potential of the presented drive system for faulty motors is particularly towards the development of PI controllers. Therefore, optimization of the PI controllers for having high performance of the presented controlling method is essential. Some important optimization algorithms techniques are as follows.
Central force optimization (CFO) [28] , genetic algorithm (GA) [29] , artificial immune systems (AIS) [30] , particle swarm optimization (PSO) [31, 32] , simulated annealing (SA) [33] , ant colony optimization (ACO) [34] , bacterial foraging algorithm (BFA) [35, 36] , and gravitational search algorithm (GSA) [37] are evolutionary algorithms that have been proposed for global optimization, e.g., complex nonlinear problems. These methods are increasingly analyzed or improved by researchers in different areas [38] [39] [40] [41] [42] . These algorithms are inspired by nature, starting from some solution points called population and determination of a global solution for problems based on nature's rules. Some efforts have been made to compare the performance of these algorithms with each other [37, [43] [44] [45] [46] [47] . The GSA is based on the Newtonian laws of gravity and was first introduced by Rashedi et al. [37] . It models the masses that attract each other in the search space based on gravity laws, which means that a heavy mass has greater gravitational force and move slowly. Each mass is a problem solution and so a heavier mass is related to a good solution. In [37] the authors showed the GSA is more accurate and leads to greater benefits in finding a global minimum point. The presented method in [37] has been compared with some familiar heuristic search approaches such as the GA, PSO, and CFO. In this research, PI controller gains are obtained off-line by the GSA based on the speed error. The proposed method in this paper not only can be used for critical industrial applications where we need to have a fault-tolerant drive system but also can be employed for vector control of a single-phase IM (the single-phase IM can be considered an unbalanced two-phase IM). This paper is organized as follows: in part 2, the d-q model of a faulty three-phase IM with unequal stator windings is presented. The WFM model of the faulty three-phase IM is presented in part 3.
After that, the vector control equations for the faulty IM by using conventional transformations are presented in part 4. In addition, the main idea of using rotational transformations for faulty three-phase IM control and RFOC equations for the faulty motor by using novel transformations is expounded in this part. A brief overview of the GSA algorithm is presented in part 5. The simulation results are shown in part 6 and part 7 concludes the paper.
d-q Model for a faulty three-phase IM
The faulty IM drive can be shown as Figure 1 (assume that a phase cut-out happened in phase "c s "). In Figure 2 , θ r is the angle between "a s " and "a r " axes and θ o is the angle between "a s " and "d s " axes. Based on Figure 2 ,
According to Figure 2 , the normalized transformation for the stator and rotor components is obtained as [4] [ 
where v 
of the faulty motor, we can obtain the familiar equations of balanced motor. For a three-phase IM with balanced stator windings in the faulty mode, we have [4] 
In summary, the difference between the d-q model of the balanced and faulty three-phase IM equations are summarized in Table 1 . Balanced motor Faulty motor q-axis mutual inductance as follows: q-axis mutual inductance as follows:
2 L ms stator q-axis self inductance as follows: stator q-axis self inductance as follows:
WFM model for the faulty three-phase IM
An alternative method that can be used to model IMs is by using the WFM. In this method, the actual spatial distribution of windings is considered. In the analysis using the WFM, the following assumptions are normally applied:
• Uniform air gap
• Same rotor bars
• Skew effect is neglected
• Saturation is negligible
The equations of a balanced three-phase IM with "m" rotor bars can be written as follows [7, 8] :
where 
where " r " is the average radius of the air gap, "l " is the length of tack, "g " is the air gap function, "n B " is the turn function of the winding "B ", and "N A " is the winding function of the winding "A ". From [ v
where
. . .
Equations of the faulty motor have the same formation as the balanced motor equations. The only difference is that, in the faulty mode, the row and column for the phase "c s " are eliminated.
RFOC for the faulty three-phase IM
In the RFOC method, by using the following matrix, machine equations are transferred to the rotating reference frame [24] :
where θ e is the angle between the stationary reference frame and rotating reference frame. By applying conventional transformation to the faulty motor (Eqs. (4)- (9)), the following equations are obtained:
Stator q-axis voltage equation:
Rotor d-axis voltage equation:
Rotor q-axis voltage equation: In general, Eqs. (14)- (17) include two terms, "+e ": forward components and "-e ": backward components as shown in Figure 7 . Each of these terms (forward or backward terms) is like a balanced motor that turns in the forward or backward direction (in the equations of balanced IM, there are no backward terms). The faulty IM control can be done by controlling forward and backward components independently but the control scheme will be very complex. The backward components are generated because of different inductances in the faulty IM model equations (
In this paper, rotational transformations for the stator variables that resolve this problem are proposed. The main idea of this transformation is obtained from the steady-state equivalent circuit of the single-phase IM. This motor is generally unbalanced with two unequal main and auxiliary windings, which are displaced from each other by 90
• . The equivalent circuit of a single-phase IM is shown in Figure 8 [48] . All the parameters in Figure 8 are defined in [48] . By applying equation (18), a simplified circuit can be shown as Figure 9 . 
From Figure 9 ,
Based on Figure 9 , if we ignore Z d , this figure can be changed into a balanced circuit. In this case, jI f , I f and jV f , V f are the currents and voltages of the balanced IM. Eq. (18), with neglecting of Z d , can be rewritten
Eq. (20) 
In our deduction the following substitutions are used:
As is shown, by simplifying the single-phase IM equivalent circuit, two novel rotational transformations are obtained. It is expected by applying these matrixes (Eqs. (21) and (22)) to the faulty IM equations, the equations of the faulty IM become like balanced equations. By considering 
In the RFOC method [24] :
Consequently, RFOC equations for the faulty IM are gained as Figure 10 can be recommended for the RFOC of the faulty IM. In Figure 10 , the red colors illustrate the sections of the conventional controller that need to be changed for faulty motor control. In conclusion, the comparison between the two vector control techniques is summarized in Table 3 .
GSA
It can be observed that in the modified block diagram for the RFOC of the faulty three-phase IM, the PI controllers should be changed from the balanced mode to the unbalanced mode. In this paper, the GSA is employed for optimization of the PI controllers. The GSA starts with position of masses (agents) given by Eq.
: i is the position of the ith mass in the dth dimension. At the specific time t the force between mass " i " and mass " j " is defined as Eq. (27):
where M a and M p are the active and passive gravitational mass related to agents "i " and " j ", respectively.
G(t)
is a gravitational constant that is updated by Eq. (28), ε is a small constant, and R ij (t) is the Euclidian distance between " i " and "j" agents.
In Eq. (28), G o and α are user defined constants, T is the total number of iterations, and t is current iteration. The outcome of the total force on agent "i " in dimension d is equal to
where rand j is a random number in the interval [0, 1]. After each iteration, the velocity and position of each agent are updated as follows:
The masses of the agents are updated by Eqs. (32)- (34) .
fit i (t) represents the fitness value of the agent "i " at iteration t . worst(t) and best(t) are the worst and best solution in iteration t and can be defined for minimization as follows:
During each iteration, the GSA reduces the number of agents based on fitness evaluation and finally one agent remains as the best solution of the problem. The principle of the GSA is presented in Figure 11 [37] . The performance of the proposed faulty IM drive system varies according to the PI controller coefficients and it is indicated by the value of the integral time absolute error (ITAE). The ITAE is considered an objective function.
The purpose of the GSA is to minimize the objective function or maximize the fitness function (fitness function is 1/(ITAE + 1)). The parameter settings for the GSA are considered as follows: • Population size or number of agents: 50
• Maximum iteration: 50
• In Eq. (27) 
Simulation evaluations
To confirm the usefulness of the presented drive system for a faulty IM, a vector control drive system according to Figure 10 is simulated using MATLAB. The simulated motor is fed by a PWM, 3-leg VSI. The WFM is considered for modeling of the unbalanced motor. At the same time, the conventional RFOC is also simulated. The ratings and parameters of the motor used in the vector control are given in Appendix C. Figures 12 and 14 show the simulation results of the conventional RFOC that is utilized even after the faulty condition is introduced. However, Figures 13 and 15 show the simulation results where the control is swapped with the one as shown in Figure 10 at the instance the fault is introduced. In Figures 12 and 13 , the motor is started under healthy condition. Then a fault (cut-off in phase "c s ") is employed at t = 0.5 s. When t = 4 s, a step change in the load torque is then introduced (based on [49] , the maximum permissible torque in the three-phase IM under open-phase fault is about 30% of the rated motor torque). The results demonstrate that the conventional RFOC method (Figure 12 ) is not capable of controlling the faulty IM accurately. However, important decreases in the torque and speed ripples can be seen in Figure 13 , after the fault is introduced. From Figure 12 it can be seen that with the conventional RFOC the time for the speed to recover to its reference value after a fault is introduced is about 2 s, whereas in Figure 13 with the proposed RFOC it only took about 0.1 s. In Figures 14 and 15 , it is supposed that the fault happens before the motor is run (like a single-phase IM); then a load torque equal to 1 N.m at t = 2.5 s is applied to the machine. However, the proposed controller produces fewer ripples in the speed and torque with superior acceleration (in this case, as can be seen in Figure   14 (c), by using the conventional controller, the speed oscillation after applying load torque and at steady state is ∼ 12 rpm at rotor speed of 500 rpm but by using the proposed modified controller (Figure 15(c) ), the speed oscillation reduced notably ∼ 0.8 rpm at rotor speed of 500 rpm). Figure 16 demonstrates the conventional RFOC simulated results. In starting, the IM is healthy. Then phase "c s " of the stator is opened at t = 1 s and the IM becomes unbalanced. At the same time, a load torque equal to 0.5 N.m is applied to the machine. Simulation illustrates that the conventional RFOC is unable to control the faulty IM correctly (in this condition, the motor speed cannot reach the reference speed). Significant oscillations in the electromagnetic torque and speed on the motor are observed. In Figure 17 , a similar process is performed but this time after the open-phase fault, the modified method (Figure 10 ) is employed. Simulation results in Figure 17 show that the proposed modified controller decreases the torque ripples noticeably. Figure 18 , the motor is starting in balanced condition. Then a phase cut-off is introduced at t = 0.05 s. Moreover, a load torque equal to 0.5 Nm is applied at t = 0.4 s. In Figure 19 , the motor is starting in balanced condition. Then a phase cut-off is introduced at t = 1 s. In Figure 19 , two load torques equal to 0.5 Nm and 1.5 N.m are applied at t = 0.4 s and t = 3 s, respectively. Simulation results of the conventional RFO controller show that the conventional controller is unable to control the IM under open-phase fault properly (e.g., as can be seen in Figure 18 , by using the conventional controller, the speed oscillation after applying load torque and at steady state is ∼ 8 rpm at rotor speed of 500 rpm but by using the proposed modified controller the speed oscillation reduced notably ∼ 0.5 rpm at rotor speed of 500 rpm. Moreover, from Figure 19 (c-left), it is observed that the real speed cannot follow the reference speed after applying load torque at t = 3 s). It can be seen from Figures 18 and 19 that the dynamic performance of the proposed system for vector control of the faulty three-phase IM is extremely acceptable. Figure 20(c) shows the electromagnetic torque of the motor in the faulty condition. It can be seen from the presented results that the dynamic performance of the proposed drive system is highly satisfactory. 
Conclusion
In this paper, two methods for modeling (d-q and WFM) and a novel approach for the RFOC of a faulty threephase IM fed by PWM, three-leg VSI, is recommended. In the presented technique, a GSA is implanted for tuning PI controllers. It can be shown that under fault condition, by using some changes in the block diagram of the conventional RFOC, we can control the unbalanced or faulty IM. It can be noted that the faulty IM structure is like a single-phase IM structure. It is envisaged that the presented technique for faulty IM control can be used for single-phase IMs as well.
A. Appendix
Obtaining equation of faulty motor in the "abc" frame:
Voltage, flux and torque equations for faulty three-phase IM in the "abc" frame can be written as the following equations:
Stator and rotor voltage equations:
Stator and rotor flux equations: 
)
By simplifying above equation, the equations of faulty motor with different stator windings in a stationary reference frame (superscript "s ") can be expressed as Eqs. (4) 
B. Appendix
Equations of faulty IM by using proposed rotational transformations: 
